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FOREWORD

Any theorstical description of sediment movement under wave
action depends on a thorough knowledgze of kinematics of flow near
the bowndary, and the shearing forces exerted by this flew on the
boundary, and on the sediment particles of the boundary. Experi-
mental measurements of shearing stresses exerted on a smooth
horizontal bottom due to the passage of oscillatory waves have
been made, and this paper presents the results of these measure-
ments. A theoretical approach 1s described, and coefficients are
determined for laminar boundary layers from thes experimental
results,

The report was prepared at the Hydrodynamics Laboratory of
the Massachusetts Ingtitute of Technology in pursuance of contract
DA~l9-055=eng-16 with the Beach Ercosion Board which provides in
part for a study of the forces exerted by waves in movinz sediment.
This contract was under the general supervision of the Research
Tivision of the Board. The avthor of the report, Peter S. Eagleson,
is Assistant Frofessor of Hydraulie Engineerding at M.I.T. The
investigation was carried out undsr tie administrative direction
of Or. Arthur T, Ippen,Professor of Hydraulics, and the diract
technical supervision of the author. The experimental work and
data amslysis were perfamed by Mr, Francisco C, Go, Research
hsslstant.

Views and conclusions stated in this report do not necessarily
ropresant those of the Beach Erosion Board.

This report is published under anthority of Public Law
166, 79th Congreas, approved July 31, 1945,
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Definition Sketch

local wave amplitude, ft, or mumerical constant
deep-water (undamped) wave amplitude, ft.
wave parameter

numerical constant

wave parameter

mmerical constant

local resistance coefficient

wave celerity (phase velocity), ft./sec.
mean resistance coefficient

local stillwater depth, ft.

wave parameter

base of logarithms, 2,718 ,....

local wave energy, ft.1b.
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a Umax‘ £t. /e2e.® pr functional symbol

forgce, 1b. or funchtional symbol

maximum valte of forcing farce; 1b,

accelération due to gravity, 32.2 ft./sec.®

WAVE parameter

wave hedight, I,

V-1

wWave parameter

wave parameter

wave number; 2n/L, £,

force amplification factor

numerical constant

wave length, ft.

mass, slugs

viscous damping factar, lb.sec,/ft., or ratic of group to phase velocities
pressure intensity, psf or spring constant, 1b, /fi.
Regmolds numbstr

numerical constant

time, sec. or plate thickness, f£t.

wave pericd, sec., damped periad of free wvibration, sec.

natural period of free vibration, sec.,

fluld particle velocity in x direction, fi,/sec.

fluid particle velecity at y = & in x direction, ft./sec.

fluid particle velopity in ¥ direetion, £1./dcc.

horizantal coordinate direction origin as shown above for wave propertdes,
otherwise arbitrary, ft.
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= vertical coordinate direction, origin at bottom, ft.

= verlical coordinate direction, origin at still water surface ft,

= phase angle, radians

1/2 =
= [ % 1 3 SEL.
1/2 -1

= [ %& ] , 8ee,

= specific weight of fluid, 1b.fft..3
= boundary layer thicknesz, ft.

= displacememt thickneaa, f1t.

= differsntial symbal

= wave damping faclor

= boundary layer parameter, yfﬁ or local height of free sorface above the

HeWal.; ft,

= wave phase angle, origin as shown above, Tadians

=. phase angle of boundary layer separation, radians

= phase angles of boundayy layer separation, radians

= momentum thicknsss, L,
= boungary layer velocity distribution parameter

= dynamic fluid viscosity, 1b,sec,/ft.®

= kinematie fluid viscosity, ft.“fﬁec.

= 3"-]‘—!'—’1_-',:: L L

= fluld mags den=ity, Elugsfft.j

o -

= -;ir-‘ y BaEc,

= ghear gtress, To./tt.®
= ‘boundary shear stress, Ih./ft.2
= ‘wave phase angle, padiann

= gtream function, ard phase Jag, radians
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THE DAMPING (F OSCILLATORY WAVES
BY LAMINAR BOUNDARY LAYERS

By

Peter S. Eagleson
Massachusetts Institute of Technology

ABSTRACT

This report presents the results of an snalytical
and experimental investigation of the shearing stresses
exerted on a smooth bottom by the passage of escillatory
water waves.

The experimental facilities consisted of a wave
channel 90 feet long, 3 feet deep and 23 feet wide.
Tast waves of various periods and heights were generated
at ore end of this tank by means of a horizontally
reciprocating vertical bulkhead and were dissipated at
the other end on a plane, smooth beach of 1:15 slope.
Al) tests were conducted using a smooth bottom and a
gtillwvater depth of 1,31 feet.

Force measurements were made by seiting an
isolated test panel in a false bottom placed in the
wave channel and recording the time-history of instanta-
neous foree on the panel during passage of the waves,
Simultaneous measuwraments of instantanecus wave
characteristics at the test panel were also cbtained.
The force measurements were corrected for pressurs and
inertia forces to obtain net tanpential forces.

Avorage resistance coefficients and damping
coefficients were derived in terms of ths pertinent
physical properties of the waves using existing small
amplitude wave theary and assuming non-separating flow
in a laminar boundary layer.

Analysis of the sxporimontal results on the basis
of these coefficients consistently showed the exper-
imental bottom shearing siressesz to greatly exceed those
predicted by theory for the range of waves tested.

The boundary layer was then asswmed to be disrupted
gach half wave cycle dve to flow separation and the
pericdic regrowth of the layer was calculated by the
approximate momentum technique. Resistance and damping
coefTicients ecaloulated on this basis show, far the most
part, excellent agreement with experiment,



I INTRCBUCTION

A, Statement of the Froblem

A thorough knowledge of the kinematics of flow near a boundary is a prere-
quisite %o the guantitative understanding of fluid-induced motien of bottcm sed-
iments. The latter iz & logleal Pirst step toward the prediction and control of
erosion and deposition in chanmels, barbors and om bsaches,

Recent efforts (1) almed at a rational analytical description of the mechanics
of the motion of discrete botiom sediments due to shallow-water waves have empha-
dzed the need for experimental investigation of the propertiss of the bottom bound-
ary layer under pagillatory water waves.

The measurement of one of these properties, bottom shearing stress, Torms
the basis of this report.

B, DBeope of the Imyestigation

This study is restricted %o the measurement of the shearing stresses exmrted
on # smooth, horizontal bottom due to the passage of coscillatory water waves of
various characteristics,

1T REVIEW OF FREVIOUS WORK

Imterast in the effects of viscasity on eseillateory flows originated with con-
glderatlons of water waves in the 17th century.

Stokea (2) ploneered In 1851 with the solution of the linearized dynamical
sguations in order ta obbain the welocity distribution in non-geparating laminar
flow near a deubly infinite flat plate oscillating in its own plane, This selution
has become known as the Tahear wave",

Boussinesq (3) first formolated the theory of non-separating laminar boundary
layerz with respect to the motion of water waves b allowing for velocity and
pressure variatloms parallel as well a5 tormal to the solid boundary.

Keulsgan (L) solved the Boussinesq problem for the case of small amplitude
translational waves with an arbltrary free-stream veloelty distribution Testricted

to neglizible convective accelerations, He then ecaleulated the gradual damping of
splitary waves,

Bagset (5) and Hough (6) solwed the Boussinesq problem for small amplitude

progressive oseillatory waves continuing the assamption of negligible convective
accelerations,

Schlichting (7) has treated the shear wave problem of Stokes cbtairing addi-

tionally the transient solution for the early stages of an oscillation commencing
fram rest.



Biesel (B) improved the accuracy of the Basset and Hough solutiomz Par waves
in very shallow water (i.e, d/L very small).

More recently Lhermitte (9) has described visual observations of the periodic
ragrowth of a separating laminar boundary layer under progressive oscillatory water
waves, [He presents the solution of the simplified dynamica]l (Navier-Stokes) equa-
tions for bomndary layer thickness in terms of an ndefined velocity distribution
parameter, In a mamer characteristic of most boundary layer calculations the
thickness, 6, of the layer proves to he guite i{nsensitive to Lthe zssumed velocity
distribution while flie bottom shearing stress is, by definition, eritiecally de-
pendent thereon,

Tn the early 1950's the smcience of superscric serodynamicd stimllated an in-
tense instereat in the effects of free-gtream oscillaticns on laminar boundary
layers. The primary problem glving rise to this interest was that aof ahifting
geparation points brought sbout by dscildating motdion of & Lifting vane and shook
wave-boundary layer interactions,

Among the principal contributors were Tin (10), Wikerson {11) and HL11 (12),
who 21l copsidered laminar boundary layer prowth on a semi-infinite flat plate due
to a mean {low with superimposed minor periodic sscillations., Here approximate
solutions of the dynamical equations in thelr non-linear form are given for
special oglasses of flows separated by values of & frequency paramster, x W /U, in
which x is ths distanee from the leading edge of the plate,wd is the angular fre-
quency of the oscillatinng amd U is the average free stroam veloeity,

Iin (10) ehowed that for large values (greater than 10) of tids frequency
parameter the boundary layer solution was identical with Stakes' (2) shear wave
irrespective of the relative magnitudes of mean and czcillatory wvelocities,

Mikerson (11) and Hi11 (12) have carricd out selutions for small perturbations
of a mean flow in the low and intermediate frequency ranges respeciively,

Schuh (13) presents an approximate teclmique For the calpulation of boundary
layer grawth in a field having an arbitrary temporal and spatial distrivution of
free stream velocity., The characteristic of thiz and otlior so-called "approximate”
solotione to the non-linear dynamical equatiaons L1s that the form of the velooity
digtritution must be assumed.

_ Ippen and Mitehell (17) studied the pradus]l damping of sclitary waves and
defined a boundary layer Reynolds Number which allows direct camparison of mean
resigtance coefficients for solitary waves with those For the conventdamal steady
flow alang a flat plate,

T1T THEORETICAL CONSIDERATIONS

A. Boundury Layer Thickness and Veloedity Distribution
1. Non-Separating Flow

The case of two-dimensional, unsteady, laminar metion of an inecmpressible
fluid in the ¥y plane 1= described by the Navier-Stoked and continmuity equa-
Tions as follows:

= — Y —

f}n c‘j c;t.r 10 @y
ﬁ+“cﬁ+v5§"-33§+“dﬁ 333) (1]




%+u£+v?=-g‘}§¥+u(&+&) [2]

¥ P Ox® a},a
2,90 [3)

where pravity is the only body force.

Hough (6) neglected the non-linear convectlve acceleration terms in the above
cquations and deflned & stream function,

"-V= constant - gy - p/p (4]
As’a‘ﬂming Wy % and w are E;ar:h P'I‘D,I_I_lm‘tional to & i':kx— = ﬂ-t']

s his solution to
gs. [1] through [L] Fields:

1I{={Anlﬂ'+ﬁe-k¥}ei(icx-ﬂ't} [5.]
uo= - % (4 674 8 &™) 4 (144) plk (0 l1-1)Py, p ~(-0)Byy Alkx -6 b) gy
arid y=1 A ixe™ _p ey sg L1108 g E—.{l-i]ﬂy]ei{ku -~ g L) (1]
In the abm’e. 1/2

C = wave celerity = [{g/k)tanh kd ) [8]
2n o 2 _r & 1/2
k=25 gy pelgs (3]

Applying the following conditions for waves of very small amplituces:

- |

by 1 =0,v=883F =20
C. PH=-ET],T=03T.}=¢, ‘;
wherepw=-p+§ﬁia—;rand‘r=p ‘/K{ =) [10]
on H_ ifkx - 0°t)
da v=a—taty=d where ??=-§-3 ( j)
Hough found:
_ GO >
k== [(1e1)p~k] [11]
B o= - 22 [{14t)pek] [12]
2k
(1o _ (3-3)k
- lipsinh kd Zp 0 (13]
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G ~ {_'g} u"’[‘g}a] e “(1-i)pd () ka5 o -kdy

= [1k]
Cllr(2)"]
Since B is of the order ,5-1, all terms invelving G may be neglected.
Substituting Egs, 11 through 13 and preserving only the real portions,

Egs. & and 7 bacams:

u -é._[cos& cosh ky - e 'Wcoa (& + py) +-§§ sinh ky {sin®- cos&)] [15]

e £y, ; k _ -By -8y
vz ginh ky sing - ] [cosh ky (2in® + cos®) - & cos@+fiv)-¢ sinl@+py) ]} [16]
in wiich® = kx -0t

For small ky:
u --g_[cczse - e P os (© +py) + -1-5-21 (sin© - com®)}] [17]
and

v -;—:{k}r 5ing - %E; [sing@ + coz@ 1+ %Tﬂ c"ﬁy Toos (B84 By) + sin (@ + B‘_r}]} [183

For small k/B Eq. [17] may be reduced stil1l further ta:

u =a-£:[ ging - @ -y gin (& - pr)) [121

wherein for convenience the origin of © has been moved n/2 radians toward the rear
of the wave, Eq, [19] is identical with the "shear wave™ golution of Stokes (2)
for iofinite wave length,

As is shown by Lamo (1L), Bq. [19] represents the solution te the Navier-
Stokes eguatione as writtens

0
- + T 20
a-_t \'] x! cos & I ]
under the conditions:
4. u=og whany=a

[21]
be u =/ sin@ for large By

The velocity distribution of Eq. [1%] is plotted in Fig. [1-a] to a vertical
seale messured in wave lenpglhs of the shear wave. One wave lengith will be chosen
as representing the boundary layer thickness, as given by shear wave theory:

8 = on/p [22]



2, Beparating Flow

Examiming Eq. [19] and Fig. [1-a] it can he seen that the velociiy gradient
at the wall becomes Zero before the fres gtream velocity changes sign. This occura
at & = 3n/li, Tn/8 according to Eq. [19] and indicates that in reality flow-separa-
timm will take place at or near these phase angles,

Dus to this aeparation-induced disruption of the flow the boundary layer must,
to some extent; reform each half wave cyecle.

Tt will be assumed here that the reformation is camplete yielding a boundary
layer thickness which varies, twice each wave cycle, from zero to a maximagm thick-
ness the location of which iz controlled by the position of the separation point.
This[aast]mption is shown for two different velocity distributions in Figs. [1-b]
and [I-e].

The veloecity distribution within this assumed laminar boundary layer will be
pirst determingd by the Karman-Palhausen technique. [See Sehlichting (7) pe. 2071,

If u is the instantanesous veloelty, u(x, ¥, t)} as before and U is the {ree
atream velocity, Wx, £}, then it is assumed that:

= £ (y/8) =1 (7)) =al + 1;.‘?12+ c:?23+ jnhq—g in the range o271 [23]

et

It ia further assumed that Lhe vertleal velocity, v, may be congidsred negli-
gible whieh then eliminates vertieal dynamic pressure gradients as w=ll.

The following boundary canditiens will be prescribed:
g, u=¢ aty=g¢

&

by =0 aty

C. %-;-=n atb ¥ =86

"

d. =—— =2p at y =5
oy* (k)
. t_}iu = % g—?{ at y = o (aimplification of Bg. 1)

wﬂyz

Tt should also be noted that when dealing with funetions, F (x, t), which are
harmarie in space and time the Following identity holds between differential
sperators on these functicns:

) sc;gt,t] L GJF;:,Q (25]



In the absence of vertical pressure gradients Eq. [25] may be used to pe-

write Bg, [2li-e] as follows:
P
-ué—-.u = i g.g = g_g '[U_n]

Evaluating tha constants, Eq. [23] becomea:

§=1-0-m° aem - e’
in which

8% . ¢ au
A = e [ T 33 3%
The momentum equation of the boundary layer may be written:

Tu t'}t! 99 “&U L'.!
R 29 2. §2.2 3x éi;; (ue")

i
Z

in which
> Oy _ 37 A A
% —j - = speTz -
L
* it 3 A
and "j {l—-ﬁ_)d?? =E+Tﬁ
(%]

Ju

In addition, since T, 7“3— at. ¥=

nliom

“T
_Eé e.%ﬁ (2 qﬁij
ol

Substitubing Egs, [28], [30] and [31] in Ba. [29] 2nd collecting terms:

g5 5B -5 @D (37 - a8 4 en ) e

=

ox

& (20 - .30 » & G (Y (Lo0kz - 025 D

iething r
o= E gsin B

and neglecting all terms in Bg. [32] of erder 6 and hipgher:

[26]

(271

[28]

[29]

[30]

[31]

[32)

[33]



-5 = 106 (e'-86) g'-n<ezg’
. [34]
= 106 (B +n-8) 8'«c© < '+

in which &' and &' + n are the phase angles of flow separation at the boundary.

From Kg. [31] separation may be seen to take place where A = 12 (4,=. T,
= 0). Bince % > 1 Eq, [28] may thus be approximated by:

A - {LT- (2n cot. &) [35]

Simltapecus solution of Ega. [3h] and [35] at A = 12 lacates the separa-
tion points at:

& =107 and {n+ 1,07) radians [36]

Using the above approximation for the parameter A , the velocity distribu-
tion of Eq. [27] is plotted in Fig. [1-B].

B. Bottom Shear Stress

The local bottom shear stress will be given by

_ u
e @D [37]
1. MNon-Separating Flows Shear Wave Velocity Distribution

For the shear wave, Eqa. [19] and [37] yield:

v, = 4P 15100 + 005 38)
The average shear stress under an entire wave on the basis of Eq. [38] is:
At
- _1 T ,:d = 0.9 £ [39]
Te T o e '/J- B a
L ﬂ,ﬂ"h

2, Separating Flow; Farman-Pelhausen Veloocity Distribution

For the Karman-Pollhatusen velocity distribution:
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T, = G.H%/A Bﬂé_[l.53 i eof a=-a 3Iina-g eoso- L83 a sin o] L4a]
fur R -1 H o= 1,07 -8&
in which %
B = [-‘;-;] [L0-11
and 15 independant of phaso, 9

The average shear stress under an entire wave on the basis of Eq.[LO] is:
m
— 1

I

0 a [u]

a
3. OSeparating Flow; Shear Wave Velocity Distribution

As Schliehting (7) puints ocut, the thickness of the developing laminar boundary
layor (on a flat plate in steady, unilerm flow) as determined from @ momesitim
analysis nol only agrees well with that obtained Trom an "exact! sclution of
Eas, [1] througn [3] but alse is gquite insensitive to the form of Lhe assumed
velecity Wetrioution.

Unte poanuary layer separation and regrowth are accepted the phase angle of
the zone of moat rapid boundary layer growith becomes critical with regard %o
the iytensity of botbom shear stress produced. Thiz phasing 15 determinsd by the
separation podnts, the locaticns of which are extremely sensitive to the form of
the velacity idistribntion.

dssuming btnat 3 velocity distribution obtained from a solution o the Navier-
Stokes equations i3 more likely to be dp accord with reality than the somewhat
artificial Barman=-Pelhauson distribution, a combinatien of the iwo theories aof
varagraphs 1 and 2 above was pbtained, A plot of the resulting near-pobtom
velocity distribuliom 1s showd in Fig. [1-c].

For inis purpess Ca. [38] was modified by Eq. [22] to yield:
g 2o -
5, = omA = [sin@ + cos®)] [L2]

With the separation poinhts indicated by Bg. [W2) (1.2, © = ﬁlr, -‘{} the

boundary layer bthickness &5 determined by a momehtum analysis becomes:

i n
L ocne g, -Teec [43]
Combining Rga. [LZ] and [L3]: /
-1/2
Pl r
By = u.d?/u BDE_ cl} win @ ﬂ3¢?ﬂ Ny

it whilch ¢ =%'-T -2

(47



The average shear stress under an entire wave on the basis of Eq. [LhL] ia:
Trﬂ = 2.?5‘/#- ﬂﬂ ffr.r [45]

0. BHResistance Coefficients

The ponventional definitions of the steady-state local and average reaistance
coefficients are respectively:

( } E"‘L‘G

x B —

LA [16]
ﬁm

and E‘r = e— [L7}
pl

For the unsteady case of interest here we shall define these reslstance
paefficients and their associated Resnolds mumbers as follows:

Locally -
.
cp (& V) — [L8]
-2 it=
= =
e .e! &'
and, after Ippen and Mitchell (17), j et j 1248
& ~ G
Re=| 22— [ [4)
Averaging over ons-half wave cycle -
2 P
= s a 2 (L2
c, = = (%) (507
]
E 7Rl
6'-n
and _n i
“2:@9=97 k% SR T3 (51

in all of which &' is the phase angle of the geparation point unger the wave
cresi.

Using these definitions we may derive the resistance copfficients for the
three cases of dinterest:

H



1, Nen-Separating Flow: Shear Wave Veloclty Distrlbution

Bup 'if_[sin& + cos@] (W-8)
Cp (8) =

5 vLE BT [52)
2(wr-0) + gin 26
f2 sin 26
_u" [vr=—g + ---2—-] p
2
N

[53]
and since &' = 03
-1/2
a
c, =3.6 w3 = 3.2 R [54)
2, Beparating Flow: Karman-Polhausen Veloclty Distribution
& 1/2 1/2 3/2 3/2
Lol VB, 7 [1.B3 0 coana-~a sina-a coza- 1.83 a sin gl
cf{ﬁ} = [55]
3,85 2 4+ 1.04 cos Z2a + 1,61 sin 2a - 1
fE
IQ = — [a+ .42 cos 2a + .27 sin Z2a] [=56]
£ ?._,11'3
both for W 2a>0 and a =107 -8
and since ' = 1.07 radians:
-1/2
< a .
c, =116 % = 103 R [57]
3.

Separating Flow - Shear Wave Velocity Distribution

1/2
39 v@ g in
Cp (¢] = oL - d)

.h+2¢*-[:eﬂ:2¢

[58]
£ 1.1
‘D¢,= o= [¢+-§ ~ 3 cos 2] [59)
W
both for rf’_‘db >0 and ¢0 =2,3% -6
and since g'! = Z.36 radians:
& ~1/2
¢,= 1vp, 3= 275 R [60]

14



D. Damping Coefficients

For caleulation of amplitude attenuation the effect of bottom reasistance is
conventionally contained in a dampdng coefficlent or modulus of decay, £ , de-

fined by _ex
a-a € L [61]

in which "a" iz the varlable wave amplitude and a  its original, undamped value,

4 XA
Considering, still, only vis- f ._C__p-. | 2
cous motions the dscrease of wave et i 2t d'«fd'i‘.
energy results from the work in- | I Iy
volved in viscous deformation. I (- R NN
|
For the two-dimensional motion ! r+dy -3
shown 1o Fig, 2 tha work done in L < __f_:fi.\"_.{
producing the indicated deformation
in time dt is given by the product d‘f
of the shearing foree <Ax and the
displacement, Ju/dy dy dt.
The local, instantaneous, unit
time rate of deformatlon work per
Lk e mﬁzt' VALY Lz ey Fig. 2, Delinition Skebeh
282 e 98 4y ax [62]
at, ay
a
The lecal, averdpge, unit time rate at which work is dome per unit of crest
width by these viscous stresges becomes:
21 d
2 E oL 2 g e Ax 163]
dy; 2n oy
o 0
From the standpoint of energy fiux
£ . me ft. lb/sec/ft of dth [64)
aT 5 . geg/It of crest wi I
in whiegh n = ratio of group to phase welgoities, i.e.
2o tkd c
n=3l1% o amdl [65]



and, B = total wave energy per unit of surface area which may be written faor
waves of small staspness as:

Y o yat
B 2

E [&6]

Considering the £lux of enargy through the conbrol volume of Fig. 2 pounded by the
botLom, water surface and twe wertical stations x and x + Ax, Eq. [64] may be used
Lo write:

s E @ - @ -l oes (61)
x b

Equating Egs. [63] and [67], taking the limit as Ax —~0 and neglecting terms of

prdar ha®; P 4
i [t
Eﬂ ue Ef a [68]
Using Bq. [61] the damping coefficient then becames:
2n
I f 5 av de
[69]

knec¥®a 2

For laminar veloecity distributieons of the form of Eq. [19] and for large pd,
regardless of any time variation in B, Bq. [69] vecames:

21
f
A {%L B {E-}E + TQU] de
E = [70]
2 k ne ¥ a®

We may now use Eq. [70] to derive the decay moduli for the two cases of
primary interest:

1, Non Ssparating Flow - Shear Wave Veleoeity Distributiom,

£n
J ':DU d&

€ = [71]

kned a®

or

lin®
€ ﬂLTsmn ZKd + ¢ kdy f72]

4



2, Separating Flow - Shear Wave Velocity Distribution,
2n

f
3.88 naLp (; =+J T U de
2knc § a®
or:
E - 1.308“‘

PL (sinh 2 ¥ 7 2 KAJ (74

IV EXPERTMENTAL EQUIFMENT

A1} experiments werg performed im the large wave chamnel in the Hpdrodynamics
Laboratery at the Massachusetts Institule of Technology.

Wave Ganeration and Measirement

The wave channel is I00 feet long, 2 1/2 feel wide and 3 feet desp (sse
Fig.[3-a]) and has glass walls over the entire 90 feot length of its working sectien.
The bottom 1s horizontal and consists of L0 feet of amooth plate glass and 50 feel
of smopoth steel plate,

One end of the channel containg a smooth, plane impermesble heach of 1:1%
slope which served to dissipate the wave snorzy,

Waves were generaled at the other end by a horizontally reciprocating piston
actuatea by a hydraulic servomechanism with continuously variable speed and stroks.
Fig, [3-b] shows an overall view of thls generator.

dmall disturbances faound superimposed on the generated wave Form were re-
moved at the sipense of a reduetion in wave height by mpans of an expanded alumi-
mum wave Pilter placed 10 feet downstream of the penerator,

Measurement of wave characteristics waz accomplished by means of two variable
capacitance type wave profile wires spacged 1) feet apart near mid-channel,

A more detalled deseription of the above equipment may be found in Reference
1?-

Force Meagurement

At a test section, 46 feet from the wave generator, small, movable shear
plates were set Plush with a false botbom and guspended from above by means of =
cylindrical pile, This pile sapport was protected from wave forces by an inde-
pendently supported concentrie gylindrical shield and sxtended through the free
asurface above which it was attached to a shear-gsengitive force balance called a
"portal gage™. Fig, [L] shows a schematic view af this assembly.
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Fig. 32 wWave Channel

Fig. 30 Owerall View of Wave Cemerator
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Fig. L, "Exploded View" of Shear Plate Assembly

Shear plates - The test plates used were 2 feet wide (Sransverse to wave),
& inches lonz (in direction of wave propagation), sither 1/8" or 1/U" thick
and were comstructed of aluminum, They were supperted from above by 3 3/4

inch dlameter alumimnum rod Ll inches long, This ved was shislded by an in-
dependently supported concentric lucite tube of 1 1/L inch I,D.

False bottom - A false bobtom consisting of a plece of 3/l inch marine ply-
wood ! feet long and 30 inches wide was placed in contact witn the channel
bothtom at the test section. The plywood was tapered to a feather edge along
itz two short sldes and was fixed to the chammeal hottom by screws into the
transverse brass stripes 2eparating the glass bobtom panels and oy thin vep-
tical braceos extending through the free surface aleng tne chamnel walls,

The board was divided inte two pleces each li feel long by the Insertlon
of a 3/4" lucite panel, 22 inches long, This panel was relieved, by milling,
to receive the test plates., As shown in Fig. [L] this recesas was machdned
larger than the test plates to allew a gap of 1/6L" for motion of the plate,

A small raised chammel runming from wall o wall of the recess in a
transverse direction was imchined as the reposs was consiructed. To prevent
flow throupgh the clearance gaps and under the plate this channel was f{illed
with mercury until the meniscus toiched the underside of the plate, This
sedal was installed after the test plate was in position by injecting the
mercury through a fine hole in the plate.
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The same longitudinal pressure gradient tending to cause through flow
under the plate creates a differential pressure force on thas transverse plate
edges, Az will be described in the next section this foree is eliminated
through use of two plates of different thickness. This requires, for the
;m.mlﬁ]plate, & higher mercury channel which was inetalled &g shesm in

ig. .

3. Force balanca - (see Pig, [5]) The force gage was rigidly mounted above
the wave channel and consisted of a portal type unit sensitive only to hori-
zomial forces. The Lransducer of the gape was 4 linear differential trans-
former which measured the horizental deflection of the bottom plate of the
gage, that deflection being directly proportional to the force applied. The
gage was statically callbrated by attaching a string to the rod supporting
the hest plate and extending this siring herizontally cover a pulley and dowm
to 4 free-hanging weight pan,

L. Recording apparatus - & medel 150 Sanborn recording oscillograph was used to
register simltaneously, total foree on the test plate and wave profile at and
10 feet "upstream® of the test plate eenterline,
¥V EXFERIMENTAL PROCEDQURES

A. Data Procurement

The 1/8" thick shear plate was mounted on its supporting pile and carefully
adjusted to be flush with the false bottom and centered in its recess. During
this process the wave channel contained about 1 or 2 inches of water.

The mercury seal was then filled by injection through the test plate and the
eylindrical shield was adjusted lor concentricity with the supporting pile,

The wave tank was then filled tg 1.312 feet and both the wave page and shear
gapes were calibrated, Deseriptions of calibration techniques and zample eali-
bration curves for these gages may be Found in Hef. 16.

One of the ¥ test waves was then established in the wave channel. Charactaris-
ties of these test wavesa are given in Table T,

After waiting several minutes for asteady state conditions to be eptablished
a8 simultansous reecord was taken of total foree on the shear plate and of wave
profile at the two gaging stations. This recerd was at least & wave lengths in
length, A sample record is showm in Fig. [&].

This procedure was repeated for each of the test waves,
The 1/4" thick shear plate was then installed, calibrations wers repeated and

by very careful adjustment of the wave generator the same ¥ test waves wers sotab-
lished sueccessively, Force records wers again cbtained for each test wave,



TABLE T Charactaristics of Test Waves

Stillwater

Wave Na, Perind Height Lenpth Depth
{(sec.) () {ft) {ft)

3 1.29 0.298 Te T 1. 712
2 1.62 0,258 2.00 1.312
3 1.98 0,305 13,08 1,312
Iy 2.76 0.303 17,20 1,312
5 135 0,262 6,1l 1,312
& 0.98 0.212 L6860 1.312
7 0,86 0,19 3.70 1.312
& 0.8l 0,168 3.56 1.312
9 1.08 0.183 5.4y 1,332

Az a supplsmerital investlgation records were taken of the damped and Mundamped®
free vibrations of the plate-rod-force halance system. To accamplish this the
plate was displacsd to thie edes of the recess and released, For the damped case
conditions duplicataed thoese of the shear determinations. Feor theundamped® case
only ale was in contact with the aystem. These determinations were repeated
prvearal timed apd averspeifor ealeulating purposes, Sampla records of the damped
and Yundampei® vibrations are shown in Pig, [7].

B, Dawa Analyais

1,  Total Ferce Determination

From the record of wave profile taken at the shear plate the wave parisd
wat determined and i suceessive wdves were sach divided inte 16 equal garts,
These discrete phase angles wers t.hen loeated on the total [ores frace by
projecting across bhe record At ‘.PD to the time axis.

The total farces wers pleked off snc wdlnes for the four waves averagsd
svety n/E radians,

Tre above procoss was carried out for both thHicknesses of plate undas
=arh wavn.,
"

2. Oorrection for Inertial Foreose

In ordes to maintain a high natural frequency for the force balance-
shesr plate azsembly, ovory attempt was made to lisdt i%e maga. The mass of

20
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the supporting rod was limited by using 4 =mall diameter and & light material,
The attendant losa in stiffness acts contrary to mass reductlon however by ten—
ding to leower the natural frequency.

A check of the plate accelerations actually experienced in the dymamic
measurements indieated the advisability of correcting the measured total forece
for the effects of inertia.

The measuring system consists of two main units comnected in series;, the
Tportal” shear page (Fig. [5]) and the supporting rod with attached shear plate.
The spring constant of the dual-cantilever shear gage is about 1000 1b/in. (sse
Ref, 16), while that of the cantilevered supporting rod is about 6 1b/in,

Because of the great stiffnessg of the portal gage relative to that of the
rod-plate assembly, the system was considered to have a single degree of freedom,
i.e, that of the supporting rod in flexure as a cantilever.

The equation of motion for the vibrating plate ecan thus be written:

m§+n5c+px-1?ﬁcoaﬂ‘t [75]

in which

a
L]

actual and apparent mass of immersed plate
and rod

viscous damping factor

p = spring constant

Fncas ot = assumed approximzte form of forcing
functicon (shear + pressure forces)

Solution of Eq. [75] lor large t is given by Den Hartog (18) as:
P Eu ros Ot

% = [(P i n“ﬂ"]ﬁ

P [76]

nd™

and tan\!f - [77]

1:»—.I'r1'l.‘ll'z

where px is the actual signal from the forece balance (heretofore called "total
force®) and ‘|,|,I’ is the phase angle by which the total force lags the forelng
function, Fﬂ cos O L,

The "undamped"natural period, T (period of free vibration in air) and the
damped natural period, T, (period of°free vibration in water) were measured as
described above and the spring constant was calculated from the structural pro-
perties of the system. The mass, m, and damping factor, n, were then calculated
using their definitions as given by Den Hartegz (18):

22



i 32
T, =2n f;_] [78]

-1/2
and 7= on (B - ()4 (791

On the basis of Eg. [76] a correction factor, K, was calculated by which to
multiply the measured tetal forces, i.e.

F_ cos0t =K px [8o]

4 summary of the measured properties and caleulated correction factors is
given in Table IT.

The discrete average values of total foree for each plate and wave were multi-
plied by the appropriate correction factor, K, listed in Table IT and the modi-
fied values were chifted in phase by the appropriate angle, 1'] » A smooth curve
was drawn through the resulting points,

3. Correction for Pressure Force

Because of local variations from the potential flow bottom pressure distribu-~
tion due to él] boundary laysr growth, (2) dynamic pressures resulting fram plate
motion and, (3) momentary exposure of plate edges to stagnation pressures, it was
felt advisable to measure Lthe pressure forces rather than caleulate them From
potential Lheory,

The inertially eorrected force values for the 1/8" plate wers subtracted from
those for the 1/LM plate for the same wave at common phase angles n/B radlans apart.
The remainders were due to the net pressure force exerted on the thin fages of Lhe
plate which are normal to the direction of wave propagation.

It was assumed that the magnitude of this pressurs Tores iz directly propor-
tional o the plale thickness, consequently the remainders of the above subtraction
were, in turn, subtracted fram the corresponding values of total foree on the thin
plata a5 corrected for inertial effoets to yield the time-history of shear force.

As was shown by Ippen and Mitchell (17), this correction can be expressed in
4 %
general algshraie form by: Ft. _ “‘1”"2) ‘?t
F =1
3 1- "‘1”*‘2

in whichi

F_ = Shear force over plate area

Ft-;_ = Total foreo on plate of first thickness
FL = Total forge on plate of scoond bkdclmess
L, = Thicimess of first plate

by = Thickress of second plate

23




TAHIE IT Inertial Correction Factors

#* #* T i #* Wavasa [
Plate T:] T p m 11 1 2 3 ly 5 6 7 i 9 Fac-
1h, 1b,z80 taxr
8=C seaq -E slugs __IT--

ke

1/87 L2185 | .20L | 6.74 | 086 .091 98 | .98 | 99| W99 | W97 | W96 | W9 | J9L | .96 K
.0056| ,o0lli| ,0036| ,0026| ,0063(,0075] ,0087| .008g[,0068 | V

1/ 276 | .290 | 6.76 | 173 L1683 H5 1 97| W98 99| WL P2 | B 8B | W93 | K

JO115|.0090| .0073| .0052,0132.0158] .01B6| 0192|012 | WY
rad,

* Measured, o Calculated




Since the plate area was 1 sq.ft. these shear Force values are identieal in
magritude wo the desired values of shear stress,

A summary of the final shear stress values is presented in Table IIT far all
nine test wavesa.

A summary of the raw, Uncorrected data is presented in Appendix A

The time variation of 7 is illustrated in the sample data plot, Fig, [a1.

VI TRESENTATION AND DISCUSSION (F HESULTS
A, Average Hesistance Coefficients

Camparison of the measured average shear stresses as listed in Table ITI with
the theoretieal values was accamplished through use of the average reaistance
coefficients, Gf’ defined in Section ITI,

Experimental walues of the mean coofficient were calculated using Eq. [50]
and compared, at average Reynolds mumbers given by Eq. [51], with the three theo-
retical models considersd inditially.

The results of thds comparison are given in Fig, [9]. The conventional un~
separated shear wave sclution (Eq. T_Shﬁ can be seen to yield coefficients and
Blms average shear siresses much smaller than actually observed.

The bottom veleoelty gradients of the Karman-Polhausen velocity distribution
are so small bthat even with boundary layer reformation the coefficients (Eg. [571)
are smaller than for the unseparated shear wave.

Measurements of the net (mass transport) velocity distribution {see Hef. 19)
indicate that the maximum boundary layer thickness is clasely given by Ea. [L3]
and furtheymore that the welosity pradients near the wall are much greater than
predicted for unseparated flow., The shear wave velocity distribution was thus
uwgsed within the reforming boundary layer by letting the length of the shear wavs
equal the logal boundary layer thickness.

Average resistance coefficients computed in this fashion (Eq. [60]) ecan be
seen o agree well with the experiments except at low Reynolds mumbers.

The reason for this low Reynolds number divergence between theory and experi-
ment is not clear, BSince the magnitude of R varies directly with the wave period,
however, it is believed that this disagreement results from seme unaceounted for
dynami¢ behavior of the foree balance.,

Of particular imporfance is the realization, _frr::m Pig., [9] that the experi-

mental resistance coefficients do vary with l‘f.n]""llr < and therefore, for the waves

tested, flow in ihe boundary layer was laminar. The value of R at which tran-
sition teo turbulent motion will cccur has not been determined.

g5
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TABLE TI1T Summary of Measured Bottom Shear Stresses

l;%'r 1 2 3 L 5 4 7 8 9
9{#
Values of = in 1b. per f£% x 10%
0 -2.18 o.20 1,B6& 1.1 -0.65 1,27 -1.32 L11 0,93
22,5 -2.,69 -1.,00 2.2 0,20 0,28 OuLB 3.75 D.Bs 2,26
L5 ~0.66 =1.43 2,67 1,17 -0.,59 1,40 1.56 1.37 1.92
&67.5 -1,12  -0.B7  1.29 0 -1,21 0,10 1,06 1,78 1,30
90 -2,B6 -0,10 2.18 -1.78 -1.43 -0.62 0.99 0,99  0.6%
12.5 -0.86 -0,09 0,71 -1l.69 -1.35 -0.,16 1.35 -0.97 0,17
135 -0,22 1,10 =0,61 -0,29 0,02 <0.3% 0,92 -2,L0  0.03
157.5% -1.70 3.19 Q.08 -0.10 0,66 =042 -0.,85  -2.56 a,42
180 0 .79 -1.604 -0,99  0.37 -0.87 -0.%h -2.a8 -0,93
202,85 0.53 2.3% -0,18 -1.48 1l.20 -1.20 -1,20 -L.73 -1.%72
225 2.98 1.07  -1.59 1.79 1.73  -Lh8 -1.19 -2.67 -0.87
2h7.5 -1.08 1.4B -0, 79 Lo -0.11 Q.7 -1.65 -3.2% -0,92
270 L.55 -1.36 -1,60 2,22 0,13 -1,00 -1.12 <1,9% ~1.10
292.5 1.06  -0,90 -1.59 2,69 .60 -1.36 -0,.50 0,92 ~-1,02
315 -1 1,71 -1.02 1.99 -0,5¢ -0,04 -0,18 3.32  -0.12

337.5 1.3 -1,3L4 -0.36 1,30 -1,59 1.51 0.8% 2,32 -0.51

|7, | 1.58 1,26 131 1.5 078 0,80 1.20 2,22 0.93

R™  7.sma0® 7.5a0% 2.05x0%2, 0x10%3. 771071, 126103, 2931072, 73x10% 1, 38210

e

.
*U=E;s1n6 s ﬁ—%I'R ='3;_: :F
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B. Instantansocus Jhear Stresses

Becaurge of the difficulty of defining & loeal resistance ccoefiicient which
doss not vary betwsen zero and infinity durdng each wave cyele bhe instantansous

behavior was compared with theory through the tdistrilmtion of local shear stress
with wave phase,

This is done dimensionlessly in Fig. [10]. Tt i3 here that the difficulties
with the experimental technique become spparent. Determination of a small shearing
atress by subtracting two muph larger quantities produces a wide seatier of in-
dividual meazurements although as was ssen above the mean values over a given
wave agree guite well with theory, T§ ghould be noted that besause of the seale
chosen valuss for wave No. @ could not be displayed.

Az further support to the use of the shear wave welseity distribution the
phase anglea @ ' and @ " of zero bottom shear siress (assumed separaticn points)
were Interpolated and compared with those obtained from Eg. [LL] and its com-
plement for the obher half cycle. Thiz comparison is presented in Table TV and
onee again, while individual values scatter, the average for all nine waves id
within 8 o/o of the theory and in addition the two experimental averages are

gxactly n racians apart.
TABLE TV
Phase Angle of Zero Bottom Shear Stress
Theory snd Experiment

g' (radians) & (radians)

Shear wave theory Z. 36 8.50
Experiment Wave No. 1 3.14 6.28
Fe 1,80 b 50

1 2.35 L.95

h l.lﬂ 31?“

5 2.35 b3l

& 157 5.50

7 2.61 L.55

8 L.77T 4, 57

9 2.08 £,02

Avarage 219 532

C. Damping Cosfflcients

In erder to view the dlasipative process from the standpoint of decay of wave
amplitude ®igs. [11] and [12] were prepared,

The meazured shear stresses werd convertsd inlo sxparimental valuesy of the
damping coefiicient, € , for the separaled and unseparated shear wave solutions
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by Ega. [73) and [ 71] respectively. Theoretical values for the same cases were
caleulated using Egs. I?h? and [72] respectively,

It sheuld be remembered when examining Fig., [11] that the caloulation of the
exparimental coefficients involves the inteprals
on 2n

JI- %, Uda a“ﬂ.EEEI'Jr
a 0

Consequently the individual coeffieients will be very sensitive to phase
shift between 1 s and U, This perhaps accounts for the cbasrvatien that the

separated shear wave solution prediets larger damping coefficients than are given
by experiment., The data should agree with theory as well here as in the Gf
versus R plot of Fig. [9].

T, U'!de

In Fig. [12] a further comparison of theoretical and experimental damping
coefficients is made, here only for tho casc of the separated shear wave solution.
The relationship between € and d/L iz shown for several values of B L (a Reynolds
mmber} as given by Bq. [7h]. Again the experimental values as detefmined from
shear stress measurement and Eq. [73] are displayed and as discussed above differ
slightly from the theory for the reasons discussed,

Btrong support is glven the separated shear wave model by the execellent
agreement with this theory offered by damping coefficients determined fraw ampli-
tude attembation measuremenls (Ref, 20), These hitherto unpublished data were
generously fumished by the sxperimenter in the form of amplitude attenuation
rates from whicn the coeffidiente, & , were caleulated by Eg. [61].

TIT SUMMARY AND CONCLUSIONS

Avaldytical and experimertal determinations were made of the shear stress axer-
ted on smooth bobtaizs by oscillatory waves.

The analytical study involved the major assumptionz of; (1) a perlodie boundary
layer separation and regrowthy (2) a laminar, shear wave, velecliy distribution
within the boundary layer; (3) the length of the shear wave being oqual to the
local boundary laver thickness.

The experimental study was accumplished by alresct measurement of the forces
exarted on @ teat plate inserted in a false boltom, Experiment and theory wers
compareds (1) through the use of averags (over one wave length) shear atresses to
define average resistarce coefficlents in terms of 2 wave Reynolds mumber ands
(2) through usge of instantaneous rates of energy dlasipation to define amplitude
attenuation goefficienta in temms of wave properties and a Reynolds number, The
latter comparison included data of another investigator obtained fram ampli bude
attenudtion measurements,
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45 a regult of these investipations the following conelusions may be drawn:

1. Mean resistance coefficisnts defermined from average (over one wave)

bottom shearing stresses vary with R -1/2 indicating laminar boundary
i

layers under oscillatory waves at least up to 2 R = 7 £ 3 %107
W

2. Bottom shear atresses measured under ocscillatory waves ars many times
larger than those predicted by the so-called "shear wave" sclution of
the linearized Navier-Stokes epuations,

3, 4Average resistance soefficients and damping (amplitude attenuation)
coefficients may be accurately predicted for laminar motlon using a
theory based on the assumption of 4 pericdically separating and reforming
poundary layer., These coefficients are respectively:

6, = 9.76 B2

; . !
in wirich R = =

i‘hR
v

ann & 13,8 #*
B L (sinh 2 kd + 2 kd)
whers x
i - - £ =
? = B L
&

Iy, The developing laminar boundary layer beneath an cgseillatory wave is
described by the approximate relatienships:

i In ].fE o 2 3n
w103 (E -0y, o

0]
e Je

in which the origin of & is 50° behind the wave crest,

1/2
1.o3(§’1-53, L—-"-ef- in
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APPENDTX A
Summary of Haw liata

I. Measured Forces on Thick Plate, lb, x 10%

%f;-:-ge‘r 1 2 3 i 5 6 1 8 2
€, Deg,

0 ~0.8 -0 -1.9 -1.2 0.7 1.k 2.0 0.6 1.4
22.5 -5.0 -2z28 -81 =241 3.6 5.6 2.3 7 : L7
I - 8.8 -850 -84 - LB &1 8,7 5.5 - 6,6 &,
67.5 -11.1 -84 -10.8 - 6.0 B.0 9.4 7,75 8.0 7.8
90 ~11,0 -10,0 -11.% - &4 9,2 8,7 8.3 .9 745

112,5 -548 -3,0 -28 -1 9.4 7.2 6.5 3.4 7.0
135 -8 - Tk 6,28 - 7.3 7.2 L,65 4.0 1.0 .k
157.5 - Ll -850 =21 <645 h.o 1.68 L5 5 2.3
180 0 0,59  L.b6s - 2,b 0.8 2,1 a 9455 1.0
20e.5 1.5 lads Tl 4.3 2.l Lh.g 2.2 2.4 3.7
225 5.0 B.L 9.7 7.4 6.0 6.9 L3 5.5 5.9
7.5 0.4 104 S. 7 T.15 Q.4 8. 6.5 7.8 7.5
270 11.1 10,8 9.1 7,75 10.6 8.7 7.6 Tuht 4.0
292.5 9.6 8.6 B.5 &4 10,1 7.6 6.7 L.3 7.5
318 (%] 5.5 6.2 3.5 .6 .95 L.6Y 2.0 4.7
337.5 4.3 3.l 3.0 1.6 B4 3.2 2.80 1.2 2.8

ar



TI, Measured Forces on

';%EEE_;- 1 2 3 L 5 6 7 B 7
© bua.

0 -1.5  -=D0.2 0 a 0 o 1.65 1,9 0
22.5 -3.8 -1.9 =18 =0.95 <1.6 -2.3 1.0 -1.0 -1.1
L5 ~L.6 -3.2 -3.3 ~1.8 -3.4 3.l -1.6 -1.3 ~-2.2
67.5 -6.0 -4.6 -7 ~3.0 -4.5 =l =-3.1 ~2.8 -Jel
90 -6,8 -5.0 LB -l.1 =52 W AR -3 2,7 -3.3

112.5 -5,1 =45 L5 =L -5,25 -3,5 -2.5 -2.1 -3.3
135 -3.8 ~-3.1 3.4 -3.8 -3.5 ~2.h ~1.h -1.7%8  -2.,6
IST.6 -3.0 ~0,85 -1,0 -3.3 -1.6 -1.0 ~1,0 ~1,.6 -0.9
180 0 1,8 1.5 =18 -0,2 0.7 -0,5  -0.9 ]
202.5 2.5 3.4 3.7 1.4 1.8 1.7 C.h 0.2 0,90
225 5.l haT .0 46 3.8 2.5 1.k 1.2 2.4
2h7.5 4.5 5.6 h.b 5.8 L.5 3.65 2.2 1.9 33
270 R h.6 3 5.0 5.2 3.6 3.0 2.4 3.3
292.5 53 3.8 3.2 L.25 i 2.9 2.9 e.5 P
35 2.0 2.0 2.55 2.715 3.9 2.8 2,1 2.7 2.9
337.5 2.3 1,0 2.3 Lb5 1.8 2.3 1.8 1.8 1.1
38
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